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2in this formalism. This tetrad, as we are going to see, de-
pends on the spin connection, and this dependency will
be crucial for obtaining the covariant conservation laws.
In section IV we obtain the gauge transformations of both
the spin connection and the tetrad eld. The roles played
by the spin and the orbital parts of the Lorentz gener-
ators in these transformations will also be analyzed. In
section V we show how the angular momentum conserva-
tion can be obtained as the Noether current associated to
a transformation generated by the spin generator of the
Lorentz group. Then, by considering the Lorentz trans-
formation of the tetrad eld, we show in section VI how
the energy{momentum conservation can be obtained as
the Noether current associated to a transformation gen-
erated by the orbital generator of the Lorentz group. Fi-
nally, in section VII, we comment on the results obtained.
II. LORENTZ TRANSFORMATIONS
We use the greek alphabet , , , : : : = 1; 2; 3; 4 to
denote indices related to spacetime, and the latin al-
phabet a; b; c; : : : = 1; 2; 3; 4 to denote indices related to
each one of the Minkowski tangent spaces. The cartesian
Minkowski coordinates, therefore, is denoted by fx
a
g,




As is well known, the most general form of the generators




















is the orbital part of the generators, and S
ab
is the spin
part of the generators, whose explicit form depends on

























which is to be identied with the Lie algebra of the




satises the same commutation relation as J
ab
, and com-
mute with each other.
A position dependent | that is, local | innitesimal





















) are the transformation parameters.













An interesting property of the Lorentz transformation of
the Minkowski space coordinates is that it is formally
equivalent to a translation [10]. In fact, by using the ex-
plicit formof L
cd




























as generators. In other words, an innitesimal Lorentz
transformation of the Minkowski coordinates is equiva-








Actually, this is a property of the Lorentz generators L
ab
,
whose action can always be reinterpreted as a transla-
tion. The reason for such equivalence is that, because
the Minkowski spacetime is transitive under translations,
every two points related by a Lorentz transformation can
also be related by a translation. Notice that the inverse
is not true.
Let us consider now a general matter eld 	(x

),
which is function of the spacetime coordinates fx

g. Un-
der an innitesimal local Lorentz transformation of the














The explicit form of the orbital generators L
ab
, given by
(3), is the same for all elds, whereas the explicit form of
the spin generators S
ab
depends on the spin of the eld
	. Notice furthermore that the orbital generators L
ab













By using the explicit form of L
ab
, the Lorentz transfor-
































where use has been made of Eq. (8). In other words, the
orbital part of the transformation can be reduced to a
translation, and consequently the Lorentz transformation
of a general eld 	 can be rewritten as a translation plus






] = 0; (13)
3the transformation (12) is not a Poincare, but a Lorentz
transformation.
As a nal remark, it is important to notice that, in-
stead of four scalar functions, the coordinates x
a
of the





). In this case, however, the Lorentz genera-















































Therefore, from Eqs. (6) and (16) we see that a Lorentz
transformation of the Minkowski coordinates written

















The interpretation of this result is that, under a Lorentz
transformation generated by J
cd
, all vector elds V
a
(x)



















In the specic case of the coordinate itself, which is also





cancel each other, yielding a vanishing net
result.
III. LORENTZ COVARIANT DERIVATIVE
In a gauge theory for the Lorentz group, the funda-









































where a new gauge potential B
a

assuming values in the














with the velocity of light c introduced for dimensional
reasons. It is important to remark once more that, de-
spite the existence of a gauge eld related to transla-
tions, and another one related to the Lorentz group, the
structure group underlying this construction is not the
Poincare, but the Lorentz group.
We consider now the Lorentz covariant derivative of










































































is the Fock{Ivanenko covariant derivative operator [12].
According to this construction, therefore, the orbital part
of the Lorentz generators is reduced to a translation,
which gives then rise to a tetrad that depends on the
spin connection. Because its action reduces ultimately
to a translation, the orbital generator L
ab
is the respon-
sible for the universality of gravitation. In fact, as L
ab
acts in the elds through their arguments, all elds will
respond equally to its action. Notice also that, whereas
the tangent space indices are raised and lowered with the
metric 
ab













It is important to remark that the Fock{Ivanenko


































Accordingly, the Fock-Ivanenko covariant derivative of

















































which shows that the tetrad coincides with the Fock-






























































the usual element of the Lorentz group in the vector


























































































































does not respond to the orbital gen-













Let us obtain now the innitesimal Lorentz transfor-
mations of the tetrad eld. First of all, we have the
transformation generated by S
ab
, which yields the total






































































as it should be since h
a

is a Lorentz vector eld in
the tangent{space index. On the other hand, the tetrad
transformation generated by J
ab
corresponds to a trans-
formation at the same x
a












(x). Such a transformation can be obtained from (23)
by keeping x
a


























Finally, there is also the transformation generated by the
orbital generator L
ab
. As the spin connection transfor-
mation is generated by the spin generators S
ab
only| see
Eqs. (35) and (36) | this corresponds to a transforma-




















(x). From Eq. (23),




































This transformation shows that the tetrad behaves as a
translational gauge potential under a Lorentz transfor-
mation of the tangent space coordinates, in which only
the change due to the variation of the coordinates is con-
sidered. In other words, the tetrad behaves like a trans-
lational gauge potential under a Lorentz transformation
generated by the orbital generator L
ab
, whose action, as
we have already seen, can always be reinterpreted as a
translation.
Notice nally that, by using the above results, the






























We remark that this result is easily seen to be equivalent
to (39) by using the fact that the tetrad is the covariant
derivative of the tangent space coordinate x
a
.
V. ANGULAR MOMENTUM CONSERVATION




















 g, with g = det(g

). We
assume a rst-order formalism, according to which the
lagrangian depends only on the elds and on their rst
derivatives. Under a local Lorentz transformation of














5is generated by the spin part of the Lorentz generators,




by both the spin and the orbital parts.
Let us consider rst the response of the action integral






As a Lorentz scalar, the action integral is invariant under
a local Lorentz transformation generated by S
ab
. Under































where we have not written the variation in relation to the



















































Substituting the transformation (37), integrating by
















Due to the arbitrariness of 
ab
, it follows from the invari-




























the Levi{Civita connection of the met-































which is the usual covariant conservation law of the an-
gular momentum tensor in general relativity. According
to this construction, therefore, we see that the angular
momentum conservation is related to the response of the
action integral under a Lorentz transformation of the spin






















































































which is the usual expression of the total angular momen-
tum tensor in terms of the symmetric energy-momentum
tensor [14]. Reversing the argument, we can say that the







of the form (23).















































as given by Eq. (43), integrating both













































Due to the arbitrariness of 
a
, it follows from the invari-








) = 0: (59)
























which is the usual covariant conservation law of general
relativity.
It is important to notice that the energy{momentum
covariant conservation in this case turns out to be related
to the response of the action integral under a transforma-
tion of the tetrad eld generated by the orbital generators
L
ab
, which as we have already seen are transformations
6that can be reinterpreted as translations. In fact, after
integrating (back) by parts and neglecting the surface
























































is the Levi-Civita covariant
derivative. As is well known, this equation represents
the response of g

to a general transformation of the
spacetime coordinates, and its use in the Noether theo-
rem yields the covariant conservation law of the matter
energy{momentum tensor in the usual context of general
relativity [13].
VII. FINAL REMARKS
According to the Noether theorems, energy{momen-
tum conservation is related to the invariance of the ac-
tion integral under spacetime translations, and angular
momentum conservation is related to the invariance of
the action integral under spacetime Lorentz transforma-
tions. However, as is well known, in the presence of grav-
itation spacetime becomes a (pseudo) riemannian mani-
fold. As the above transformations cannot be dened on
such spacetimes [2], it is necessary to introduce a local
procedure in which the corresponding covariant conser-
vation laws can be obtained from the invariance of the
action integral under transformations taking place in the
Minkowski tangent space, where they are well dened.
By considering general relativity as a gauge theory for
the Lorentz group, where the spin connection | that is,
the Lorentz gauge potential | is the fundamental eld
representing gravitation, we have shown that it is pos-
sible to obtain the angular momentum and the energy{
momentum covariant conservation laws from the invari-
ance of the action integral under transformations taking
place in the tangent space. The crucial point of this for-
malism is the Lorentz covariant derivative (22), in which
the action of the orbital Lorentz generators reduces to a













that appears as the nontrivial
























yields naturally the usual relation, given by Eq. (54), be-
tween the energy{momentum and the angular momen-
tum tensors, showing in this way the consistency of the
tetrad (63). In this approach, the covariant conserva-
tion law of the angular momentum tensor turns out to
be related to the response of the action integral under






which is a transformation generated by the spin part of
the Lorentz generators. On the other hand, the energy{
momentum conservation turns out to related to the re-
sponse of the action integral under a Lorentz transforma-









responds simultaneously to both the spin and
the orbital Lorentz generators. The part related to spin
generator S
ab
yields again the conservation of the an-
gular momentum tensor, written now in the form (54).
The part related to the orbital generator L
ab
yields the
conservation of the energy{momentum tensor, a result
consistent with the fact that the Lorentz transformation
generated by L
ab
can always be reduced to a transla-
tion. In fact, the tetrad transformation generated by L
ab
,
given by Eq. (42), induces in the metric tensor g

the
transformation (62), which is the usual transformation
of g

under a general transformation of the spacetime
coordinates, and which yields the covariant conservation
law of the matter energy{momentum tensor in the usual
context of general relativity. We have in this way es-
tablished a relation between spacetime dieomorphisms
and tangent space Lorentz transformations generated by
the orbital generator L
ab
. This is a crucial result in the
sense that it is the responsible for obtaining the covari-
ant conservation law for the energy{momentum tensor
under transformations taking place in the tangent space.
We notice in passing that even in the tetrad approach to
general relativity, as the tetrad is invariant under a true
translation of the tangent space coordinates, no energy{
momentum covariant conservation law can be obtained.
Summing up, with this construction we have succeeded
in obtaining an internal Noether theorem from which the
covariant conservation laws for angular momentum and
energy{momentum tensors are obtained from the invari-
ance of the action integral under \internal" | that is,
tangent space | transformations. Accordingly, the asso-
ciated densities can be considered as \gauge" currents.
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